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Abstract

The force network ensemble of Snoeijer et al. (Physical Review Letters, 2004, 92,
054302) is a convenient model to study networks of contact forces that typically are
present in granular matter. Recently, we have shown that it is possible to extremely
accurately determine the probability of contact forces in the framework of the this
ensemble (van Eerd et al. , Physical Review E, 2007, 75, 060302(R) and Tighe et al. ,
Physical Review Letters, 2008, 100, 238001). In this work, we review several important
details of these computations. In particular, we study in detail the angle-resolved contact
force distribution, finite-size effects, the maximum allowed shear stress and the effect
of walls. In addition, we investigate how well the force network ensemble resembles
systems with “real” interactions.
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1 Introduction

Granular materials are systems consisting of a large number of interacting macroscopic parti-
cles, such as sand, rice or apples, in which the range of the interaction is short compared to the
particle size. These materials play an important role in everyday life. A good understanding
of the physics of granular materials is desired, for example, to predict and control landslides
and avalanches [1, 2], to design efficient transport and handling of coal or chemicals [3, 4]
and to make high quality tablets (medicine), i.e. the correct amounts of active and inert
ingredients [5, 6]. Unfortunately, there still remains a poor understanding of the behavior of
granular matter [7, 8, 9].

The force network ensemble is a recently introduced statistical formulation to study the
statistics of contact forces in static granular media [10, 11]. The crucial assumption is that
for fixed particle positions, all force configurations of non-cohesive forces that result in force-
and torque balance on all particles are equally likely. This approach can be regarded as a
restricted version of the Edwards ensemble [12]. For several regular and disordered packings
the contact force distribution P (f) was calculated [10, 11], which had all the features that are
typically observed in experiments and numerics, and subsequently the force network ensemble
has received a lot of attention [13, 14, 15, 16, 17, 18, 19, 20]. Recently, using umbrella sampling
simulations we unambiguously showed that in the force network ensemble the distribution of
contact forces between particles (P (f)) shows a Gaussian decay for large forces, in sharp
contrast to the general believe that exponential force statistics is a characteristic feature of
granular matter. It turns out that the Gaussian decay is a direct result of local force balance
on particles [21].

In the present paper, we will use numerical simulations to study several important aspects
of the force network ensemble in more detail. In particular, we focus on the details of the
stress constraints and finite-size effects for the frictionless triangular lattice (Section 3.1), the
angle resolved contact force distribution (Section 3.2), finite-size effects and the maximum
possible force of a certain network of contact forces (Section 3.3), the maximum shear stress
of a packing (Section 3.4) and the effect of walls (Section 3.5). Finally, in Section 3.6, we will
investigate a crucial and longstanding question: how well does the force network ensemble
describe systems with “real” interactions? We summarize our findings in Section 4.

2 Model and Simulation Method

In the force network ensemble it is assumed that a separation of length scales between the
forces and the positions occurs. Therefore, one can treat the forces as independent from
the positions [12]. In this way, one can construct an ensemble in which the positions of all
particles are fixed, and the non-cohesive contact forces are the degrees of freedom that have to
satisfy force- and torque balance on each particle. For a fixed packing geometry of frictionless
particles, the net force Fi on each particle i is zero

Fi =
∑

j

fij =
∑

j

fij
rij

|rij|
= 0, (1)
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in which j runs over the particles in contact with particle i, and rij = ri − rj. Consider
a d dimensional system with N particles and periodic boundary conditions. To describe
mechanical equilibrium in d directions, dN − d linear constraints are needed. If frictional
particles are considered, then N (for 2D) or 3N (for 3D) additional constraints are needed
to obtain torque balance on each particle. In addition to the force balance constraints, it is
necessary to constrain the applied stress on the system. The applied stress on a system is
defined by the stress tensor

σ =

(
σxx σxy

σyx σyy

)
in 2D, and σ =

 σxx σxy σxz

σyx σyy σyz

σzx σzy σzz

 in 3D (2)

in which

σαβ =
1

Nb

∑
ij

fij,αrij,β. (3)

In this equation Nb = zN/2 equals the total number of contacts. In 2D, the contact force in
the direction α, fij,α can be written as

fij,x = fn,ij
rij,x

|rij|
+ ft,ij

rij,y

|rij|
, (4)

fij,y = fn,ij
rij,y

|rij|
− ft,ij

rij,x

|rij|
. (5)

in which fn,ij and ft,ij are the normal and tangential components of the contact force re-
spectively. The dimensionless shear stress is defined as τ = σαβ/σαα and the pressure on a
system is proportional to

∑
α σαα. An isotropic pressure corresponds to σxx = σyy (= σzz).

By imposing 〈f〉 = 1 a force scale is introduced. This was used in all simulations described
in this work. Substituting Eqs. (4) and (5) into Eq. (3) we find σαα = 1/d in the case that
|rij| = 1 (monodisperse particles).

It is convenient the represent the collection of all contact forces in the system (fn,ij and
ft,ij) by the vector f. The elements of f are subject to the constraint that all particles have
force and torque balance, and that the constraints on the stress tensor are satisfied. In Table 1,
the number of constraints and the number of elements of f are summarized. For packings
with a contact number z larger than the critical contact number zc (zc = 4 for frictionless and
zc = 3 for frictional 2D packings respectively [10]), the number of elements of f exceeds the
number of constraints, which means that there is a high-dimensional force space of solutions.
Note that in dry granular media all forces are repulsive, which is incorporated by demanding
all normal forces fn to be positive,

fn,ij ≥ 0. (6)

For frictional packings, the magnitude of the tangential force is bound by the Coulomb cri-
terium,

|ft,ij| ≤ µfn,ij, (7)

µ being the friction coefficient. Snoeijer et al. assumed that all allowed solutions of this force
space are equally likely, like in the microcanonical ensemble and the Edwards ensemble [12].
The corresponding ensemble is therefore called the force network ensemble. Using the force
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network ensemble with this flat measure, realistic P (f) have been obtained, both on triangular
lattices and on disordered packings [10].

In Ref. [11], analytical solutions for P (f) in the force network ensemble for various small
systems were obtained: “snooker” packings [22] of 3 and 6 particles, periodic triangular lattices
of 2× 2 and 3× 3, and a periodic fcc unit cell (8 particles). In Ref. [14] analytical expressions
are derived for both isotropic and anisotropic force distributions in the 3 × 3 triangular
lattice. However, it was found that these analytical approaches are not usable for larger
packings. Therefore, we have to rely on computer simulations for these systems. To compute
a single solution of the force space, a simulated annealing procedure can be applied [23].
For arbitrary forces, a penalty function U(f) is defined that describes the deviation from the
required constraints. For a 2D frictionless system with |rij| = 1, this penalty function is
defined as

U(f) = |σxy(f)− σreq
xy | + |σxx(f)− 1

2
| + |σyy(f)− 1

2
|

+
N∑

i=1

|Fi,x(f)| +
N∑

i=1

|Fi,y(f)|. (8)

in which σreq
xy is the required (imposed) shear stress of the system. The following Monte Carlo

procedure can be used to generate a single force network f that obeys the required constraints

1. Start with a configuration fold in which all forces are taken from an arbitrary distribution
with 〈f〉 = 1 and fij ≥ 0. Set the control parameter β = 1 (equivalent to the inverse
temperature) and calculate the penalty function U(fold).

2. Select two elements (contact forces) of f at random.

3. Add a randomly selected ∆f to one contact force and −∆f to the other contact force,
so that 〈f〉 still equals 1. If any of these forces becomes smaller than 0, the move is
rejected and we return to step 2.

4. Calculate the penalty function U(fnew).

5. Accept the trial move with the usual Metropolis acceptance rule [24]. If rejected, the
old configuration is kept.

6. Increase β by multiplying with a factor h > 1 (i.e. annealing).

7. Return to step 2 until the penalty function is very small (typically U(f)/N < 10−12).
The resulting f is considered as a particular solution of the force network ensemble.

It is trivial to extend this scheme for frictional packings and packings with |rij| 6= 1. In previ-
ous studies [10, 11, 17, 25], the solution space of the force network ensemble was sampled by
generating many particular solutions obtained using this simulated annealing scheme. This
scheme reproduces analytic results for small regular packings very well [11] and it was veri-
fied that the results do not depend on the initial configurations and details of the annealing
scheme. Unfortunately, this simulated annealing procedure is computationally expensive and
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it cannot be guaranteed that force networks are indeed generated with equal a priori proba-
bility. Moreover, accurate statistics for large contact forces can not be obtained directly.

At this point it is important to note that the force network ensemble can be formulated
as an inhomogeneous matrix equation

Af = b, (9)

in which static force (and torque) balance on each particle as well as a conserved stress tensor
are incorporated. All possible solutions of this matrix equation can be written as

f = f0 +
∑

k

akvk, (10)

where f0 is a particular solution and the vectors vk span the null-space of matrix A, i.e.,

Avk = 0. (11)

The number of independent null vectors follows directly from Table 1. The force network
ensemble is sampled by the usual Metropolis Monte Carlo technique [26] in which the coef-
ficients ak are the degrees of freedom. The Monte Carlo scheme is started with ak = 0 and
a particular solution f0. In a trial move, a coefficient ak is chosen at random and its value
is changed randomly. A trial move is accepted when all normal forces fn,ij ≥ 0 and rejected
otherwise. For frictional systems, one has to take into account the Coulomb friction law
(Eq. (7)) in the acceptance rule. For the triangular, square, and fcc lattice, it is convenient
to choose f0 such that all elements f0 are all equal to 1. The null-space vk of these systems
can be expressed by the so-called “wheel moves” developed by Tighe et al. [14].

To improve the statistics of large contact forces, we employ the umbrella sampling tech-
nique [27, 26]. Each realization of the force network f is characterized by the largest contact
force fmax. The Monte Carlo simulations are performed in a modified ensemble with a modified
probability density

ρπ(f) = ρ(f) exp[W (fmax(f))] (12)

in which ρ(f) is the probability density in the force network ensemble. Ensemble averages in
the original force network ensemble can be recovered by appropriate reweighting

〈A〉 =
〈A(f) exp[−W (fmax(f))]〉π
〈exp[−W (fmax(f))]〉π

, (13)

in which we used the shorthand 〈· · · 〉π for averages in the modified ensemble. For details of
this scheme, we refer the reader to Ref. [28].

3 Results and Discussion

3.1 Details of the stress constraints and finite-size effects

In the force network ensemble, it is natural to introduce a force scale by imposing 〈f〉 = 1. In
case of a monodisperse system (i.e. |rij| = 1), this directly results in σxx +σyy (+σzz) = 1. For
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d dimensional systems under isotropic pressure, it is therefore convenient to consider isotropic
forces, i.e. σxx = σyy (= σzz) = 1/d. However, in Ref. [20] a different constraint σxx + σyy = 1
was used instead. With the latter constraint, small anisotropic pressure fluctuations occur.

We used Monte Carlo simulations in the force network ensemble to study the contact
force distribution for the frictionless (unsheared) triangular lattice for both isotropic and
anisotropic pressure. We also unravel the effect of the system size N for both constraints. Our
results are summarized in Fig. 1. Contact force distributions calculated with σxx = σyy = 1

2

show no differences at forces below f = 5, but a finite size effect is observed for larger
forces, converging to a Gaussian distribution. Contact force distributions calculated with the
anisotropic constraint σxx +σyy = 1 converge to the same Gaussian distribution, but the finite
size effect is much larger. The reason for this is that for small systems, the fluctuations of σxx

and σyy around 1
2

are quite large. For larger systems, these fluctuations become smaller so
eventually σxx ≈ 1

2
and σyy ≈ 1

2
. Surprisingly, for small system sizes (N = 168), P (f) shows

an exponential decay when anisotropic pressure fluctuations are allowed. Note that packings
of this size are typically used in experiments.

3.2 Angle-resolved P (f)

Contact force distributions of sheared packings do not show a single characteristic feature,
because shear stress induces force anisotropy that yields a variation in 〈f〉 depending on the
orientation of the contact [17, 29]. In good approximation, the average normal contact force
along direction φ (Fig. 2) can be described by

f̄n(φ) = 1 + 2τ sin(2φ)− b2 cos(4φ), (14)

with
∫

dφf̄n(φ)/
∫

dφ = 1 [17, 30]. The parameter b2 increases with increasing shear stress
τ = σxy/σxx and b2 = 0 for τ = 0. The second term in Eq. (14) has the largest contribution
to the force anisotropy. The “total” P (f) is a superposition over all orientations φ. Here, we
numerically study the angle-resolved contact force distribution P (f, φ) by umbrella sampling.
To accurately compute the tail of this distribution, a separate simulation is needed for each φ,
using the maximum force along the direction φ as an order parameter. The following symmetry
applies to our system: P (f, 45◦ − φ) = P (f, 45◦ + φ) and P (f, 225◦ − φ) = P (f, 225◦ + φ).
This has been used to improve sampling statistics.

A triangular lattice contains contact forces in three distinct orientations: (1) 0◦ and 180◦,
(2) 60◦ and 240◦, and (3) 120◦ and 300◦. In Fig. 3 contact force distributions are shown for
these three orientations. We see that for τ = 0 all orientations have the same Gaussian decay
of P (f, φ). The small differences in Fig. 3(a) can be attributed to finite-size effects induced
by periodic boundary conditions. If the system experiences shear stress (τ > 0), the tails
of the force distributions are still Gaussian, but as expected we observe a different slope in
the linear-log plots; the probability of large contact forces oriented close to the direction of
the shear stress (60◦ and 240◦) becomes larger, while the probability of large contact forces
oriented almost perpendicular to the direction of the shear stress (120◦ and 300◦) becomes
significantly smaller.

To study the angle-resolved P (f, φ) for 2D disordered systems, we construct a histogram
of all contact forces in which the contact forces are grouped according to their orientation

6
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φ, see Fig. 4. In Fig. 5 the average force for each orientation is plotted in a polar diagram.
Without shear stress, the average force equals 1 in all directions. With shear stress (τ > 0),
the average force in the direction of the shear stress (label 1 in Fig. 4) becomes larger and the
average force oriented almost perpendicular to this direction (label 6) becomes smaller (see
Fig. 5(a)). The orientation dependence of the average force is given in good approximation
by Eq. (14). We also show a polar diagram for frictional particles as a function of shear stress
(see Fig. 5(b)) and as a function of the friction coefficient µ (see Fig. 5(c)). From the latter
figure we can conclude that force anisotropy disappears if we allow friction.

Fig. 6 shows the angle-resolved P (f, φ) for disordered systems with frictionless particles.
We see that the P (f, φ)’s for systems experiencing shear stress decay at least as fast as a
Gaussian. Certainly, the decay of the angle-resolved contact force distribution decays signif-
icantly faster than an exponential. This means that the (partly) exponential decay of the
total P (f) as was found in Ref. [29] is a direct result of averaging P (f, φ) over all φ, and not
a result of exponential statistics of individual contact forces.

We also studied the angle-resolved contact force distribution for a fcc lattice experiencing
shear stress. This lattice is oriented such that the close-packed planes lay in the xy-plane and
are stacked along the z-axis. Contact forces in the fcc lattice have six distinct orientations,
as shown in Fig. 7. Shear stress of the form σxy 6= 0 and σyz = σxz = 0 is applied and we
refer to the parameter τ = σxy/σxx as the shear stress. The stress direction is in the xy-plane
at 45◦ with the x-axis. Fig. 8 shows the direction-resolved P (f) for a fcc lattice. All P (f)
decay as a exp[−bfα] with α ≈ 1.7. Similar to the triangular lattice, for different directions
we observe a different slope in the linear-log plots. Shear stress has the largest effect on the
forces oriented in directions 2 and 3 as both are in the xy plane along the direction of the
shear stress. Forces not oriented in this plane (e.g. 5) are less affected.

3.3 Maximum possible force inside a packing

In Ref. [29] we have observed that for disordered packings in 2D, finite-size effects occur for
the contact force distribution P (f), especially for low coordination numbers (z). One would
observe such finite-size effects for forces close to the maximum force that a certain packing
can sustain. When the maximum force of a packing (fmax(f)) is close to the maximum force
that a certain packing can sustain, P (f) will show a very sharp decrease. Eventually, P (f)
will decrease to zero for any packing [11].

In principle, conventional umbrella sampling [26] can be used to determine the maximum
possible fmax. However, a huge number of iterations will be necessary as P (f) will become
extremely small close to the maximum possible fmax. To efficiently compute the maximum
possible fmax for a given packing, we use the central idea of the recently proposed random-
walk algorithm of Wang and Landau [31, 32]. In this scheme, a random walk is performed
in the space of all possible force networks f. The simulation is started by setting a certain
function κ(fmax) = 1 for all fmax. Starting from a particular solution f = f0, we perform
a Monte Carlo scheme to sample all possible force networks. Trial moves that result in a
configuration for which all fn,ij ≥ 0 are accepted with a probability

Pacc(o → n) = min

(
1,

κ(fmax(o))

κ(fmax(n))

)
. (15)
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in which o and n are used to denote the old and new configuration respectively. The crucial
difference with conventional Monte Carlo simulations is that each time a force network with
a certain fmax is visited, κ(fmax) is updated as follows: κ(fmax) → κ(fmax) × m in which
m > 1 (typically m = 2). This means that this scheme does not obey detailed balance. After
many trial moves, eventually all possible values of fmax will be visited with (approximately)
equal probability. From this, the maximum possible force of a certain contact network can
be estimated. In the original version algorithm [31, 32], the parameter m is slowly decreased
from 2 to 1 + δ in a controlled way (typically δ ≈ 10−9), such that eventually configurations
are sampled with a probability inversely proportional to the density of states. In our case, we
are only interested in the maximum possible force that a packing can sustain and therefore
we can safely set m = 2.

Fig. 9(a) shows the computed maximum possible force in 2D disordered systems. Indeed,
the maximum possible force increases with N and strongly depends on the coordination
number z. This figure shows that relatively small systems are sufficient to study the statistics
of large contact forces of typically 10 〈f〉. In Fig. 9(b), the corresponding P (f) along with
the maximum possible force is shown for z = 4.5. This figure shows strong evidence that the
finite-size effects obtained in P (f) are due to the fact that the maximum possible force of a
small system with low z is quite small. Fig. 10 suggests that finite-size effects in 3D are much
smaller.

3.4 Maximum shear stress of a packing

To understand the relation between the maximum shear stress τm and the coordination num-
ber z of a certain packing, we investigated the volume of the phase space of allowed force
networks. J.H. Snoeijer et al. showed that for 2D frictionless systems this volume shrinks for
increasing τ [17]. The point at which the phase space volume is zero (τm) can be considered
as a measure for the yield stress of the material. Ellenbroek and Snoeijer predicted that the
effect of friction on τm is quite small [30]:

τm =
1 +

√
1 + 3µ2

3
. (16)

This equation is valid for disordered 2D systems in the limit of z → 6. To estimate the
accessible volume of the space of all allowed force networks corresponding to a certain shear
stress τ , we have used the following approaches:

• An effective linear measure for the size of the force space is the Euclidean distance L:

L(τ) ≡

√√√√〈∑
ij

(fn,ij − f ′n,ij)
2

〉
. (17)

The brackets denote an average over independent force networks with normal forces fn,ij

and f ′n,ij. Close to τm, L(τ) will show a sharp decrease.

• Direct calculation of the volume using umbrella sampling. The accessible volume V (τ)
corresponding to a certain τ is proportional to the probability P (τ) measured in the force
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network ensemble in which the constraint on σxy has been removed. The dimension of
the null space of this modified ensemble is one higher than given in Table 1. Essentially,
P (τ) = V (τ)/Vtot in which Vtot =

∫∞
0

dτV (τ).

In principle, P (τ) and L(τ) will depend on the system size N and the nature of the packing.
First we will study the Euclidean distance L as a measure for the volume of the phase space.
Fig. 11 shows the Euclidean distance L(τ)/L(τ = 0) for 2D disordered systems (N = 1024)
without and with friction (µ = 0.5 and µ = 1.0). The data is well described by

L/L(0) =

√
1−

(
τ

τm

)α

, (18)

in which τm and α are fitted. For frictionless systems, α ≈ 2 while frictional systems have a
larger value for α. The obtained results for τm are summarized in Table 2. Our simulation
results for frictional and frictionless systems are in excellent agreement with the prediction
of Ref. [17], which can be considered as an upper limit and therefore valid for large z. For
τ < 0.2, the Euclidean distance of frictional packings is almost constant, suggesting that the
shear stress has a negligible influence on the normal contact forces.

In Fig. 12, P (τ)/P (τ = 0) is plotted as a function of τ for 2D disordered systems
(N = 1024) without friction and with friction (µ = 0.5 and µ = 1.0). Already for small
τ (i.e. far away from τm), P (τ)/P (τ = 0) becomes extremely small. This means that within
the framework of the force network ensemble, packings do not spontaneously develop a shear
stress. Computing P (τ) beyond τ = 0.2 is very difficult and requires very long simulations,
even if more overlapping windows are used in the umbrella sampling simulations. For fric-
tionless systems, P (τ)/P (τ = 0) strongly depends on the coordination number z, while this
effect is not present for frictional systems. The latter observation is not surprising, as L(τ)
of frictional systems is almost flat for τ < 0.2.

3.5 Wall versus bulk forces

Experimental measurements of contact forces at the boundaries (walls) show convincing expo-
nential contact force distributions [33, 34], while a stronger than exponential decay is observed
in many experimental [35, 36] and computational studies [37, 38] of bulk force statistics. The
observed exponential force distributions have often been attributed to “Boltzmann” type ar-
guments; however, in Ref. [21] we have shown that the presence of additional local constraints,
namely force balance, leads to an additional global constraint that must be respected. It is
this additional constraint that leads to Gaussian tails in P (f). Because boundary grains
have qualitatively different local environments from grains in the bulk, it is reasonable to ask
whether this leads to differences in the statistics of forces at a wall.

A simple model for a system with wall and bulk forces is the so-called Snooker triangle first
studied by Snoeijer [22], see Fig. 13. The stress on the system is controlled by constraining the
sum of the wall forces for each of the three walls. All contact forces are repulsive and we will
not consider friction. For N = 3 and N = 6 balls, it is possible to derive analytical solutions
for the bulk and wall force statistics (P (fb) and P (fw) respectively) in the framework of the
force network ensemble. For larger N , P (fb) and P (fw) have been computed in Ref. [11].
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However, the authors of this study were not able to make conclusive statements about the
nature of the tail of these distributions.

We have re-examined the force distribution for snooker packings using umbrella sampling,
see Fig. 14. The distributions P (fb) and P (fw) have been normalized such that 〈fb〉 = 1 and
〈fw〉 = 1. The results unambiguously show that for large N both the bulk and wall forces
have a Gaussian tail. It is not surprising that for large N , P (fb) approaches the contact force
distribution of a triangular lattice, which is known to have a Gaussian tail. Without the
presence of local force balance on the balls near the wall, we would have exactly recovered the
“Boltzmann” argument resulting in an exponential distribution of wall forces. Apparently,
the distribution of wall forces is changed significantly by the presence of bulk forces and local
force balance constraints.

3.6 Contact force distributions for systems with “real”
interactions

Until now we studied contact force distributions in the framework of the force network en-
semble. In this ensemble, the contact forces between particles are stochastic variables subject
to various constraints (i.e. force balance on each grain, only repulsive contact forces, and a
prescribed stress tensor) and do not originate from an interaction potential. It is interesting
to investigate to which extent the contact force statistics of the force network ensemble is
identical to that of forces derived from “real” interactions, i.e. interactions that follow from
an interaction (pair) potential.

Two cases are worth studying. First, the force distribution of the unconstrained “real”
system and second the force distribution of the “real” system with the constraint of a zero
net force on each particle. We shall refer to the latter systems as force balanced packings.

We first discuss force balanced packings of interacting particles. We expect that the con-
tact force distribution is close to the one obtained in the force network ensemble. Molecular
simulations of force balanced packings of interacting particles are non-trivial as one needs to
include constraints on the net force on each particle, while one cannot control the contact
forces directly. Starting from random configurations at very low density, we used a compres-
sion scheme to generate a large number of these packings with equal pressure P [28]. We
studied 2D packings of N = 2000 bidisperse particles with diameter σi (50%/50% mixture,
size ratio 1.4) interacting with either a WCA potential [39]

uWCA(rij) =

{
uLJ(rij) + ε, rij ≤ 21/6σij

0, rij > 21/6σij,
(19)

or an harmonic potential (corresponding to linear springs)

uHARM(rij) =

{
ε (σij − rij)

2 , rij ≤ σij

0, rij > σij,
(20)

where σij = (σi + σj)/2 and ε is an energy parameter.
Fig. 15 shows the contact force distributions and the coordination numbers for forces

balanced packings with pressure P consisting of particles that interact with an harmonic
potential. In the same figure we also show P (f) for a frictionless triangular lattice in the
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force network ensemble. The graphs for the “real” interactions are obtained from averaging
over 4000 force balanced packings for each pressure. The average coordination number z
strongly depends on the applied pressure. In the limit of small pressure, the coordination
number approaches the isostatic limit zc = 4. For all simulations, we have verified that the
system is sufficiently far from zc so that the simulations do not suffer from a lack of self-
averaging [40, 41]. The contact force distribution for a triangular lattice in the force network
ensemble is close to P (f) for the “real” interactions at dimensionless pressure P ≈ 0.03.
Both distributions have a Gaussian tail. For larger pressures (and larger z) the contact
force distribution bends down faster than a Gaussian. The observation of a Gaussian tail
is in agreement with the simulations of O’Hern et al. [38, 41]. These authors also used an
argument based on equilibrium systems to predict the decay of the large force tail, resulting
in a Gaussian tail for harmonic potentials and a nearly exponential tail for a WCA potential.
It is important to note that the systems of Fig. 15 are not in thermodynamic equilibrium so
the argument may not apply.

To investigate the effect of the interaction potential, we have studied force balanced pack-
ings of particles interacting with a WCA potential. The equilibrium prediction for the WCA
interaction potential gives a tail of P (f) ∼ exp[−af 12/13], i.e. qualitatively different from the
case of the harmonic potential. We have investigated the effect of the pressure P as well as
the hardness κ of the interaction potential:

κ =
〈f〉
〈rij〉

〈
∂f

∂rij

〉−1

. (21)

Particles that are harder have a lower value of κ. The value of κ can be controlled directly by
changing the energy parameter ε of the WCA potential. Fig. 16(a) shows that systems with
the same κ have the same coordination number z, and we have verified that they also have the
same contact force distribution. Analogous to what we found for an harmonic interaction, we
find that the contact force distribution for a triangular lattice in the force network ensemble
is close to P (f) for energy parameter ε ≈ 16 and dimensionless pressure P = 15. Again,
they both have a Gaussian tail. In fact, all distributions of Fig. 16(d) have a Gaussian tail.
Our results suggest that force statistics in ensembles of static packings are independent of
the interaction potential, contrary to thermal arguments and in agreement with one of the
postulates of the force network ensemble.

Next we turn to the case of the force distribution of an unconstrained “real” system. These
systems do not have force balance. In Ref. [21] we have shown that local force balance deter-
mines the decay of the contact force distribution. Fig. 17 shows the contact force distribution
of particles interacting with a WCA potential simulated at a finite temperature T . The glass
transition temperature of this system is kBTg/ε ≈ 1.1. Clearly, P (f) decays exponentially
both for T > Tg and T < Tg, in agreement with previous molecular dynamics simulations [38].
Note that, despite the accuracy of our data, it is not possible to distinguish the predicted
tail for thermally equilibrated packings, exp[−af 12/13], from a simple exponential. In any
case, this is qualitatively different from the Gaussian tails of the contact force distribution
that we found for the constrained “real” interactions, and strikingly reinforces the conclusion
that the presence of local force balance alters tail of P (f). If we revisit the arguments of
Ref. [21] and remove the additional global constraint that results from local force balance,
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we find a Boltzmann-like tail, i.e. P (f) ∼ exp[−af ]. This naive extrapolation neglects the
question of when conventional equilibrium statistical mechanics should be abandoned for, i.e.,
stress-based ensembles of the sort described in Ref. [21], a question which is beyond the scope
of this work.

4 Conclusions

We showed that in the force network ensemble, in the presence of shear stress the contact
force distribution P (f) is strongly direction dependent. As a result the tail of the orientation-
averaged P (f) may look (partly) exponential even though for each individual direction the
tail is Gaussian. We developed a method to find the maximum possible force in a system and
showed that this maximum force strongly increases for increasing system size. In the force
network ensemble, the wall-contact force distribution may differ essentially from the bulk-
contact force distribution. However, for snooker packings we found that both distributions
have a Gaussian decay. Finally, we made a detailed comparison between P (f) in the force
network ensemble and P (f) from molecular simulations of particles with a “real” pair interac-
tion. We show that these distributions are different in general. Nevertheless our calculations
suggest that applying the constraint of local mechanical equilibrium, the force distribution of
the “real” system crosses over towards the distribution of the force network ensemble.
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Table 1: The number of constraints (force and torque balance on each particle, and a fixed
stress tensor σ) and the number of elements of f for systems with periodic boundary conditions,
N particles and an average coordination number z in the force network ensemble.

dimension d friction # constraints # elements of f
2 no 2N − 2 + 3 zN/2
2 yes 2N − 2 + 3 + N zN
3 no 3N − 3 + 6 zN/2
3 yes 3N − 3 + 6 + 3N zN
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Table 2: The maximum shear stress τm for systems with coordination number z and N = 1024
particles obtained by fitting Eq. (18) to the simulation data in Fig. 11. Included is also the
prediction according to Eq. (16).

z = 4.5 z = 5.0 z = 5.5 Eq. (16)
no friction 0.20 0.37 0.50 0.67
µ = 0.5 0.60 0.69 0.76 0.77
µ = 1.0 0.78 0.87 0.98 1.00
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Figure 1: Contact force distribution P (f) as a function of the system size (number of particles
N) for the frictionless triangular lattice. (a,c,e) The constraint σxx = σyy = 1

2
is used. (b,d,f)

The constraint σxx + σyy = 1 is used. In all simulations, σxy = σyx = 0.
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Figure 3: Angle-resolved contact force distributions for the frictionless triangular lattice (N =
1840 particles) with τ = 0 (a,b), τ = 0.2 (c,d) and τ = 0.4 (e,f). The contact forces are
oriented in three directions: (1) 0◦ and 180◦, (2) 60◦ and 240◦, and (3) 120◦ and 300◦. If
systems experience shear stress, the distribution P (f, φ) becomes different in the three given
directions. For a fixed φ, P (φ) shows a Gaussian decay. In all simulations, σxx = σyy = 1/2.
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Figure 4: Diagram showing the different orientation segments for which the contact forces
are evaluated. Note the symmetries P (f, 45◦ − φ) = P (f, 45◦ + φ) and P (f, 225◦ − φ) =
P (f, 225◦ + φ) are compatible with the symmetry of simple shear.
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Figure 5: Polar diagram of the average force per histogram segment for a two-dimensional
disordered system with N = 1024 and z = 5.5. We have used the segments represented in
Fig. 4. In all simulations, σxx = σyy = 1/2. (a) Average force for frictionless particles as a
function of the shear stress τ . The direction of the arrow indicates increasing τ : 0, 0.1, 0.2,
0.3. (b) Average force for frictional particles (µ = 0.5) as a function of the shear stress τ .
The direction of the arrow indicates increasing τ : 0.1, 0.2, 0.3, 0.4, 0.49. (c) Average force
for frictional particles experiencing shear stress (τ = 0.2) as a function of the the friction
coefficient µ. The direction of the arrow indicates increasing µ: 0.1, 0.5, 1.0, 2.0, 10.0.
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Figure 6: Angle-resolved contact force distributions of a two-dimensional disordered system
(N = 1024, z = 5.5), divided in six directions. The numbers correspond to the segments in
Fig. 4. (a,b) τ = 0.0, (c,d) τ = 0.2, (e,f) τ = 0.3. In all simulations, σxx = σyy = 1/2.
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Figure 7: (left) Orthografic projection of an fcc lattice along the z-axis. The close-packed
planes lay in the xy-plane and are stacked along the z-axis. The orientation becomes impor-
tant if the system experiences shear stress. (right) Part of the fcc lattice in which the six
distinct orientations of contacts between the particles are shown.
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Figure 8: Direction-resolved force distributions of a three-dimensional crystalline system (fcc,
N = 7140), divided in six orientations (see Fig. 7). Shear stress τ is defined as σxy/σαα with
α = x, y, z. (a,b) τ = 0, (c,d) τ = 0.3 and (e,f) τ = 0.39. In all simulations, σxx = σyy =
σzz = 1/3.
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Figure 9: (a) The maximum possible force in unsheared networks of two-dimensional dis-
ordered systems for different N . (b) P (f) for a 2D disordered systems with z = 4.5. The
vertical lines show the maximum possible force. In all simulations, σxx = σyy = 1/2.
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Figure 10: The maximum possible force in unsheared networks of three-dimensional disordered
systems with a different N . σxx = σyy = σzz = 1/3.
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Figure 11: Euclidean distance L/L(τ = 0) as a function of τ for 2D disordered systems with
N = 1024 and (a) z = 4.5, (b) z = 5.0 (c) z = 5.5. The symbols are simulation data points
and the solid lines are fits to Eq. (18): no friction (square), µ = 0.5 (circle) and µ = 1.0
(triangle). In all simulations, σxx = σyy = 1/2.
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Figure 12: P (τ)/P (τ = 0) against τ for 2D disordered systems N = 1024: no friction (solid),
µ = 0.5 (long dashed) and µ = 1.0 (dot-dashed). (a) z = 4.5, (b) z = 5.0 (c) z = 5.5. In all
simulations, σxx = σyy = 1/2.
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Figure 13: Snooker triangle of N = 6 balls with 9 forces between the balls (bulk forces) and
9 forces between a ball and the wall (wall forces). The stress on the system is controlled by
constraining the sum of the wall forces for each of the three walls. Note that particles at the
wall have 5 contacts, while particles in the bulk have 6 contacts.

30

Page 30 of 34

http://mc.manuscriptcentral.com/tandf/jenmol

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review
 O

nly

(a)
0 1 2 3 4

fw

0

0.2

0.4

0.6

0.8

P(
f w)

N = 6
N = 15
N = 55
N = 210
N = 990

(b)
0 1 2 3 4

fb

0

0.2

0.4

0.6

0.8

P(
f b)

N = 2900, triangular

(c)
0 25 50 75 100

(fw)2

10−50

10−40

10−30

10−20

10−10

100

P(
f w)

(d)
0 50 100 150 200 250

(fb)
2

10−50

10−40

10−30

10−20

10−10

100

P(
f b)

Figure 14: Contact force distribution for wall forces (a,c) and bulk forces (b,d) for snooker
packings of several sizes. P (fw) and P (fb) have been normalized such that 〈fb〉 = 1 and
〈fw〉 = 1. For comparison we also show P (f) for a frictionless triangular lattice in (b,d).
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Figure 15: (a) The coordination number z as a function of the pressure P resulting from sim-
ulations of systems with particles interacting via the harmonic potential (ε/kBT = 1). (b,c,d)
Contact force distribution of systems with particles interacting via the harmonic potential
(ε/kBT = 1). The same data are plotted using different axes. The direction of the arrow
indicates increasing pressure P (in dimensionless units 0.015, 0.02, 0.03, 0.05, 0.1, 0.2, 0.25,
0.3, 0.35, 0.4). For comparison we also show P (f) for a triangular lattice in the force network
ensemble (dashed curve).
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Figure 16: (a) The hardness κ as a function of the coordination z. The data points are
results from simulations of systems with particles interacting via the WCA potential and
dimensionless pressure P = 15 (circle), P = 25 (plus) and P = 35 (square). (b,c,d) Contact
force distribution of systems with particles interacting via the WCA potential and pressure
P = 15. The direction of the arrow indicates increasing energy parameter ε/kBT (1, 2, 4, 7,
10, 13, 16, 20) and decreasing κ (0.0466, 0.0384, 0.0294, 0.02227, 0.01810, 0.01531, 0.01331,
0.01138). For comparison we also show P (f) for a triangular lattice in the force network
ensemble (dashed curve).
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Figure 17: Force distributions of a two-dimensional system (N = 1024, ρ = N/V = 0.747)
with a WCA potential without force balance as a function of the temperature. The direction
of the arrow indicates increasing kBT/ε: 0.2, 0.4, 0.6, 0.8, 1.2. These simulations have been
obtained using umbrella sampling where we have assumed local equilibrium. We have verified
that MD simulations of the same system using a constraint temperature lead to identical
results.
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